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Abstract

This paper extends the exact equivalence result between the outcomes of self-fulling mech-
anisms and rational expectations equilibrium allocations in [Forges and Minelli (I997) to a
large finite-agent replica economy where different replicates of the same agent are allowed to
receive different private information. The first result states that the allocation realized by
any incentive compatible self-fulfilling mechanism is an approximate rational expectations
equilibrium allocation. Conversely, the second result states that we can associate with any
given rational expectations equilibrium an incentive compatible self-fulfilling mechanism
whose equilibrium allocation approximately coincides with the rational expectations equi-
librium allocation.
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1 Introduction

Rational Expectations Equilibrium is a fundamental equilibrium concept in economics to study an
economy with asymmetric information. However, there is a conceptual difficulty in understanding
the informational role of prices in its framework without an explicit model of price formation.®
Indeed, leaving the price formation unmodelled has raised several conceptual paradoxes.?

In a seminal paper, Forges and Minelli (1997) studied an economy with a continuum of
agents where agents are classified into a finite number of types. Agents with the same type
have the same initial endowment, preferences and private information. They then proposed a
public communication extension of the “sell-all” market game of Shapley and Shubik (I977) that
consists of two stages. In the first stage, agents report their private signals to a mediator who
then publicly announces a price vector depending on the reports.® In the second stage, players
observe this publicly announced price and play the “sell-all” market game with asymmetric
information in which a player’s bid for each non-monetary commodity is a function of the publicly
announced price and the player’s privately observed signal. The outcome of the communication
game specifies market price and final allocations.? They introduced the notion of an incentive
compatible self-fulfilling mechanism in which honestly reporting true signals in the first stage and
following the mediator’s “recommended” actions in the second stage is a Bayes Nash Equilibrium
of the communication game.® Then they showed that the set of allocations realized by incentive

compatible self-fulfilling mechanisms coincides with the set of rational expectations equilibrium

allocations of the underlying economy.

In his seminal paper on the generic existence of REE, Radned (1979) also pointed out this problem as he
wrote, “A thorough theoretical analysis of this situation probably requires a more detailed specification of the
trading mechanism than is usual in general equilibrium analysis.”

2See Grossman and Stiglit7 (1980), Milgrom (I981), and Dubey et al] (1987) for more detailed discussions.

3In this paper, we use private signal and private information interchangeably.

4The “sell-all” market game was first introduced by Shapley and Shubik (1977) and requires one commodity
to function as money. [Codognato and Ghosal (2003) proved the same equivalence result as in [Forges and Minellj
(997) with a different market game called windows model which does not require the existence of money in the
economy.

®The mechanism studied in Forges and Minelli (I997) and this paper is different from the canonical commu-
nication mechanism in the sense that in the second stage only a public signal is revealed to all agents instead of
private signal for each agent. See section 4.2 for detailed discussion.



The assumptions in Forges and Minelli (T997) have two important consequences. First, the
action of an individual player has no effect on the price in the market game of stage two given a
continuum of players. Second, each player of a given type receives the same private information
implying that the model exhibits the property of non-exclusive information. Consequently, incen-
tive compatibility does not pose any real difficulties. It is our goal in this paper to show that the
essential conclusions in [Forges and Minelli (T997) are robust when we move to an economy with
finitely many agents and a nontrivial information structure. We consider a sequence of replica
economies with n types of consumers and r consumers of each type. As in [Forges and Minelli
(I997), each of the r consumers of type i has the same utility function and initial endowment.
Unlike [Forges and Minelli (T997), however, we allow agents with the same type to receive differ-
ent private information. Now we have two technical issues to deal with. First, actions matter in
the sense that, by changing his action in the strategic market game of the second stage, a player
can affect the price. Second, incentive compatibility, i.e., the need to induce players to honestly
report their private signals in the first stage, is a more difficult problem since non-exclusive in-
formation is no longer present. It is reasonable to conjecture that, when r is large, the influence
of a single player’s action on the price in the strategic market game of stage two will be small
and this is indeed the case. It is also reasonable to conjecture that the influence of an individual
player’s reported signal on the publicly announced price in stage one will also be small if r is
large. To formalize this idea, we consider sequences of economies in which the agents’ signals
are independent conditional on an underlying but unobserved state of nature. This allows us to
bring to bear the machinery developed in McLean and Postlewaifd (2004, 2005, P2017) and we
are able to show that players become informationally small as r becomes large.

The main results in this paper are two approximation results for a large enough replica
economy. Theorem 1 asserts that the allocations realized by any incentive compatible self-
fulfilling mechanism are approximate rational expectations equilibrium allocations. Theorem

2 asserts that we can associate with any given rational expectations equilibrium an incentive

compatible self-fulfilling mechanism whose equilibrium allocations approximately coincide with



the rational expectations equilibrium allocations.

The remainder of this paper is organized as follows. Section 2 sets up an r-replica econ-
omy. Section 3 introduces the concept of type symmetric rational expectations equilibrium (type
symmetric REE) in an r-replica economy. Section 4 discusses the communication extension of
the “sell-all” market game with incomplete information and introduces the concept of incentive
compatible self-fulfilling equilibrium (ICSFM) in this game. Section 5 states the main results

and section 6 concludes.

2 The Environment: Replica Economy

In this paper, we will focus on a sequence of replica economies. An r—replica economy E" consists

of the following:

e A finite set of agents N, = N x J,, where N = {1,2,...,n} and J, = {1,2,...,7};"

A finite set of commodities £ = {1,2,..., L+ 1};

e A finite set of states of nature © = {6y,0s,...,60,,};

e For each i € N, a utility function u; : RY™ x © — R such that u(-,-) = (-, ) for all
s € Jy

e For each i € N, a state-independent initial endowment w; € ]Rif such that w;, = w; for

all s € J,;

The state of nature is unobservable but each agent (i, s) receives a private signal, t;s € T;,
which is correlated with nature’s choice of . Here T; is a finite set of possible private signals
that agent (7, s) might receive. Note that, for agents with the same type but in different cohorts,
the set of possible signals is the same. Denote T'=T) x Ty X --- X T, and T" =T xT x --- xT

as the r-fold Cartesian product of r copies of T'. Let t" = (¢(1),...,¢(r)) denote a generic signal

6In the rest of the paper, we read agent (i, s) as the type i agent in cohort s.



profile in 77" where t(s) = (t1s,t2s, ..., tns). I t7 € T7, we will often write t" = (t",,,ti5). We
assume that there exists a common prior P" € A(O x T"). We will take the point of view that
P is the distribution of an (rn + 1)—dimensional random vector (8,#(1),...,1(r)) taking values

in ©® x T" where
P(0,t7) = PT(0,t(1),...,t(r)) = Prob{0 = 0,#(1) = t(1),...,i(r) = t(r)}.

For t" € T", let P"(-|t") € A(O) denote the induced conditional probability measure on © and,
for 0 € O, let P"(-|#) € A(T") be the induced conditional probability measure on 77. Let
Iy € A(O) denote the Dirac measure that assigns probability one to state §. We assume that
Pr(6,t(1),...,t(n)) > 0 for all (6,t(1),...,t(n)) € © x T” and that for every 6, 6 with 6 # 0,
there exists a ¢ € T such that PT("|0) # P"(¢"|0). Moreover, we make the following conditional
independence assumption: there exists a probability measure A € A(0) and for each 6 € O, each

i € N there exists a probability measure p;(-|#) € A(T;) such that ®

Pr(t0) = H pi(tis|f) = HHpi<tiS|9)v

(3,8)ENy s=1i=1

and

PT(7,0) = P"(£'|9)A(0).

That is, conditional on the event 0 = 6, the nr random variables t11, to1, -+, tn1, =+ s tir tor, -+, tnp
are stochastically independent. This completes our description of an r-replica economy E" de-

noted as:

E" = {Nr7 ‘C7 @7 (wi)(i)€N7 (ui)(i)ENa (E)iENa Pr}

"This assumption is stronger than the notion of a conditionally independent sequence introduced in McLean
and Postlewaifd (2007) since we assume individual independence rather than cohort independence.



3 Type Symmetric Rational Expectations Equilibrium

We next formulate a notion of type symmetric rational expectations equilibrium in an r-replica
economy analogous to that of Forges and Minelli (1997) for the continuum framework. We first
recall some ideas in McLean and Postlewaife (2002). Given an r-replica economy E” and t" € T,
let f;(:|t") denote a probability measure on Tj, the “empirical frequency distribution,” defined
for each 1; € T; as follows:

iy = B €2t =T 0

r

Then we define f(t") = (fi(-|t"), fa(-[t"), -+, fu(:|t")). Now we are ready to define a type sym-
metric rational expectations equilibrium in an r-replica economy.

Definition 1: A type symmetric rational expectations equilibrium (type symmetric REE) in an
r-replica economy E" is a pair (¢, (2],)(,s)en,) consisting of a price function ¢" : T" — REH! with
¢"“*1(t") = 1 and an allocation function 27, : T" — R4 for each (4,s) € N, satisfying:

(i) For any t" € T" and ¢" € T",

f&) = ") = ¢'(t") = ¢" (") (2)

(ii) For each (i,s) € N,, and " € T",

(1) € argmax D wilws, O)P (01" (1) tis), 3)
2i€8i(a"(t") oo
where
L L
Bila (1) = {y € REVI D g (1) + y= < 3 g7 (¢l + wh ),
=1 =1
and

> Pr(0,17|t:s)
Eiis:

gt tis)=q" (t")

> P
tT_iS:

gt tis)=q" (t")

Pr0lg" ("), tis) =



(iii) For each t" € T,
ZZz{S(tT) = T’Zwi. (4)

(iv) For any t" € T", " € T", (i,s) € N, and (i, s') € N,,
tis = tis,d"(t") = ¢ (") = 2L, (") = 2, (). (5)

Condition (i) says that if two signal profiles have the same empirical frequency distribution,
then the corresponding type symmetric REE prices are the same. Therefore, it is the empirical
frequency distribution that determines the type symmetric REE price. Condition (iii) is the
market clearing condition for each t" € T".

According to Condition (ii), agent (i,s) chooses a bundle that maximizes expected utility
conditional on the observed price ¢"(¢") and his observed signal ¢;;. Finally, Condition (iv) is
the type symmetry condition requiring that type i agents in different cohorts who receive the
same signal and observe the same price must choose the same maximizer of the expected utility
maximization problem. As a consequence of Condition (iv), we record the following:

Remark 1: For a given t" € T, condition (iv) implies that for any (i,s) € N, and any
(i,s') € N,

tis - tis’ = Z;ﬂs(tr) - ers’ (tT) (6)

Next, we introduce the definition of a type symmetric e— rational expectations equilibrium.
Definition 2: A type symmetric e—rational expectations equilibrium (type symmetric e—REE)
in an r-replica economy E" is a pair (¢", (2,)(,s)en, ) consisting of a price function ¢" : T" — REH!
with ¢"Z*1(¢") = 1 and an allocation function zJ, : 7" — RX™ for each (i, s) € N, satisfying (i),

(iii) and (iv) in definition 1. Furthermore, there exists a set S” C 7" such that

Prob{t" € S} > 1 —e. (7)



and for each t" € S”, (i,s) € N,, and z; € B;(¢"(t")),

> Tz (87, 0) = wils, 0)] PT(0]q" () is) = —e. (8)

0

where (3;(¢"(t")) and P"(0|q"(t"),t;s) are defined as in definition 1. In words, a type symmetric
e—REE pair requires that, for most signal profiles ¢, the allocation z,(¢") is almost maximizing

the conditional expected utility of agent (7, s).

4 Type Symmetric Incentive Compatible Self-fulfilling Mech-

anisms

4.1 A Market Game with Incomplete Information

Following [Forges and Minelli (1997), we associate with each r-replica economy E” a “sell-all”
market game of Shapley and Shubik (T977) with incomplete information, G g-. The game consists
of |N,| = nr agents. Each agent (i,s) € N,, after receiving his private signal ¢;; € T}, chooses an

action a;s € A; where

L
A ={(a},..al) eRY| Zali < wht.

=1
Each action profile, a” = (aj1, a1, , a1, ,Q1p, A2y -+, Any), gives rise to a price for each

commodity [ # L + 1, defined as

m(a") = +-—.

The price of commodity L + 1 is fixed at 1 irrespective of agents’ actions, i.e. 7l*l(a") =
1 for each a”. One common interpretation goes as follows: there exists a trading post for each
commodity [ € {1,---, L} and commodity L+ 1 plays the role of “money”. At each trading post
[, each agent chooses the amount of commodity L + 1 to bid and is required to put up for sale

the entire endowment of commodity I. The final holdings of good I € {1, ..., L} of agent (i, s), as



a function of the action profile a”, is defined as z;;[a"] = (zL[a"], .., 2% [a"], 25 [a"]) where

s c0 s » s

with 2! [a"] = 0 if 7'(a”) = 0. The strategy of each agent (i, s) is a function oy, : T; — A; and
denote 0" = (0117 0215 ,0n1, " 3 01r,02p5 " ° 70711”) and O_T(tT) = {0:5<tis)}(i,s)€Nr- The payoff

to agent (7,s) when agents choose the strategy profile o is
vis(0") = D wilwis[o" (7)), 0) P (0, t").
)

where P € A(O© x T") is the common prior of the r-replica economy. This completes our

description of the market game with incomplete information G'g- denoted as:
GET = {@7 NT? (O-is>(i,s)€NT7 (Ui)i€N7 (E)iGNa Pr}

4.2 Incentive Compatible Self-fulfilling Mechanisms

We next present the communication extension of G'g-, which is our finite analogue of the extension

in [Forges and Minellj ([997). In this communication extension, a mechanism is a mapping

u'TT — A" and the communication game proceeds in the following way:

1. Nature chooses 6 € © with probability A(f) and chooses t;5 for each (i, s) with probability

pi(tis|0). Then each agent ¢ in cohort s is informed of her private signal ¢;s;

2. Every agent (i,s) submits a report #;, € T}, which is not necessarily equal to t;, to a

mediator;

3. The mediator assembles the reported signal profile ¢ € T" and publicly announces a price

7(u(t")). The function o p” : T" — R is assumed to be common knowledge;

8



4. After observing the publicly announced price 7(u"(£")), agents play the sell-all market game

with incomplete information and then the final allocations are determined.

It is important to note that this mechanism is not a canonical mechanism. That is, the
mediator does not privately recommend gl (f") € A; to agent (i,s) as he does in a canonical
mechanism. The action pf,(#") is only “contemplated” by the mediator. All uf (") taken to-
gether give rise to a publicly announced price 7(p"(£)) which is observable by all agents.® By
incorporating a mechanism " into Ggr, we get an augmented game with public communication:
I',r(Ggr). Then in this extended game with communication, the strategy for agent (7, s) is to
choose a reported signal t;s € T; and an action mapping 6; : T; x T; x RFHL — A, that specifies a
choice of an action as a function of his true signal, his reported signal and the publicly announced
price. Moreover, we restrict ourselves to type symmetric mechanisms as defined below.

Definition 3: A mechanism p’ : T" — A" is type symmetric if for any ", t" € T" and ss’ € J,,

ft") = f(t), tis = tig = pi(t") = by (t7)  for each i € N,

Remark 2: For a given t" € T" and a type symmetric mechanism p”, then for any ss’ € J,,

tis = tiS’ = M:s(tr) - M;s’ (tr) (9)

This definition of type symmetry generalizes the one in [Forges and Minellj (T997) by allowing
agents with the same type but in different cohorts to have different private signals. Therefore, in
a type symmetric mechanism, if f(t") = f(#) and t;, = £;» then the mediator will contemplate
the same action for agent ¢ in the cohort s and in the cohort . Furthermore, the mediator
must ensure that the action contemplated for (i, s) is measurable with respect to the publicly

announced price and the private signal received by (i,s). This requires the mechanism to be

8We can certainly construct a canonical mechanism that replicates the equilibrium of the public communica-
tion device studied in this paper. However, the choice of a public communication mechanism aims to capture the
idea of price being a public communication system. Admittedly, as pointed out in [Forges and Minelli (I997), this
choice does entail a loss of generality on the output side. FOOTNOTE NEEDS CLARIFICATION



adapted.
Definition 4: A mechanism p" : 7" — A" is adapted if for any t",#" € T", and any agent
(1,8) € N,

T (7)) = 7(u (1), tis = is = iy (t7) = ply (i),

This adaptedness condition together with the type symmetry condition correspond to condition
(iv) in definition 1 of type symmetric REE. Next, we introduce the notion of incentive compatible
self-fulfilling mechanism.

Definition 5: A mechanism p" : T" — A" is a type symmetric incentive compatible self-fulfilling
mechanism (type symmetric ICSFM) if it is type symmetric and for each (i,s) € N,, t;s € T;,

th €Ty and §; : RE™ — A,

Z Z wi(@is [ (87), pis ()], 0) P (0,7 [ tis)
.. 6

> Z Z Ui (s[4 (P 1), 0 (m (" (B 1)), 0) P (0, 25 [t
., 0

In other words, u" : T" — A" is a type symmetric ICSFM if, for each agent (i, s), honestly
reporting the true signal and then choosing uf,(t") € A; yield a Bayes Nash equilibrium in
[, (Gg)f In a type symmetric ICSFM, each agent chooses to tell the truth and the publicly
announced price directs each agent to choose the mediator’s contemplated action.

Finally, we introduce the definition of a type symmetric e—incentive compatible self-fulfilling
mechanism.
Definition 6: A mechanism p” : T" — A" is a type symmetric e—incentive compatible self-
fulfilling mechanism (type symmetric e—ICSFM) if the following condition is satisfied: there
exists a set S™ C 1" such that

Prob{t' € S} >1—¢ (10)

9Furthermore, in this two-stage communication game every information set will be reached under any BNE
and the belief is therefore uniquely determined. As a consequence, the set of BNE coincides with the set of PBE.
CHECK THIS

10



and for each t" € S, each (i,s) € N,., t;s € T;, t. € T; and 9; : R{f“l — A;, we have

ZZUZ Tasll (), 1 (6], ) P (6, 47, |8:s)

725

2 305 il B s ) OO0 o) = (1)
In addition, we say the mechanism p" is a type symmetric e—restricted incentive compatible self-
fulfilling mechanism (type symmetric e—RICSFM) if () holds only for continuous function d;.
That is to say, if " is an e—ICSFM, then for most of the signal profiles, honestly reporting and
following the mediator’s contemplated action almost maximize an agent’s payoff in I'r (Gpgr). If
u" is an e—RICSFM, then for most of the signal profiles, honestly reporting and following the
mediator’s contemplated action almost maximize an agent’s payoff in I',»(Ggr) with respect to

continuous deviations in the second stage.

5 Main Results

In this section, we study the relationship between the set of type symmetric REE allocations
in an r-replica economy and the set of allocations realized by type symmetric ICSFM in its
associated communication game. [Forges and Minelli (T997) showed that, in an economy with
a continuum of agents, if all agents with the same type receive the same private signal, those
two sets are exactly the same. In our finite-agent economy in which agents with the same type
are allowed to receive different private signals, we show that for a large enough economy the
following are true: the allocation realized by any type symmetric ICSFM is an approximate
type symmetric REE allocation; conversely, any type symmetric REE allocation is close to the
allocation associated with an type symmetric ICSFM. This section proceeds as follows: section
5.1 discusses the assumptions; section 5.2 and 5.3 state the main results and provide an informal

sketch for each result. All formal proofs are in the Appendix.

11



5.1 Assumptions

First, we make two regularity assumptions that are similar to assumptions made in [Forges and
Minelli (1997).

ASSUMPTION A.1: For each i € N, u,(-,0) is continuously differentiable, strictly concave
and monotonic™; Furthermore, u;(0,0) = 0 and 2 wi>0.

ASSUMPTION A.2: Foreachl # L+ 1 theréeévxist K' Q' € R, such that, for each 0 € O,

i€ N and v € Ry

Oui(x,0)  Ou;(x,0) u;(z,0)
1 5 ) l U
@ oL+l < ox! <K OxL+t ~ (12)
and for each t; € T;,
L+1 (4 l E !
w; Pi (tzye) > L lgg‘iﬁ [K — wz]‘ <13)

Assumption A.1 and A.2 are conditions imposed on the replica economy to ensure that utility
functions are well-behaved and that the economy has enough “money”. In (I2) of assumption
A.2, there is a lower bound for the marginal rate of substitution which is not present in [Forges
and Minelli (1997). We use this assumption to show that the price determined in any type
symmetric [CSFM is positive uniformly with respect to 7. In particular, 7'(u"(t")) > Q' > 0 for
all [ # L+ 1 and large r. This is the analogue of the activeness assumption in page 396 of [Forges
and Minelli (T997), namely that the price determined in the ICSFM at each state is positive. We
could have made a similar “uniform activeness” assumption to avoid the situation in which as r
goes to infinity some announced price might converge to 0. Instead, we have chosen to impose
our lower bound assumption on the primitives and, as shown by step 1 in the proof of Theorem
1, this lower bound assumption is enough to deduce uniform activeness.

In (I3) of assumption A.2, since we are allowing agents with the same type but in different
cohorts to receive different private signals, there is an extra p;(¢;|#) on the left hand side of the

inequality for each ¢; that does not appear in the corresponding Assumption 2 in [Forges and

Minelli (T997). When r is large, one can interpret p;(t;|0) as the (approximate) fraction of i type

04,(+,0) is monotonic: if z,y € Ri“, x >y and x # y, then u;(x,0) > u;(y,0).

12



agents receiving private signal ¢; conditional on the event § = 6. Moreover, we need one more
“uniform continuity” assumption on the sequence of type symmetric REE prices for the second
approximation result.

ASSUMPTION A.3: Let {E":r > 1} be a sequence of replica economies and suppose that
{(q", (2],)Gs)en,) = 7 > 1} is an associated sequence of type symmetric REE. Then for every

e > 0, there exists a § > 0 and 7 > 0 such that for any » > # and any ¢, t" € 1",

1) = fEN <= lg"(t") —¢" ()] <e. (14)

Note that ¢ is only a function of €. Recall condition (i) in definition 1 of type symmetric REE,
which says that type symmetric REE prices are defined as a function of empirical frequency
distributions. This assumption requires that, in a large enough economy, whenever the empirical
frequency distributions of two signal profiles are close, then their corresponding type symmetric

REE prices are also close.

5.2 From Incentive Compatible Self-fulfilling Mechanism to Approx-

imate Rational Expectations Equilibrium

In this section, we present our first approximation result stating that, in a large enough replica
economy, the allocation realized by any adapted type symmetric ICSFM is a type symmetric

e—REE allocation.

Theorem 1. Suppose A.1 and A.2 hold. Let {E"}2, be a sequence of r-replica economies and
suppose that {" },>1 is a sequence of adapted, type symmetric ICSFMs. Then for every e > 0,
there exists an integer © > 0 such that for all v > 7, (¢"(-), {25,() }u,sen,) s a type symmetric

e—REFE where for each t™ € T"
q (t") = m(u" (")),

25 (1) = wis[u"(17)].

13



According to this theorem, there exists a S” C T" such that Prob{t" € S} ~ 1 for any large
enough r and, for each t" € S™ and agent (i, s), the allocation x;s[u" (t")] realized by the ICSFM
p” is almost maximizing agent (i, s)’s expected utility given the price m(u"(¢")) determined by
the market game.

In proving Theorem 1, the IC property of a type symmetric ICSFM plays no role. However, in
contrast to the continuum setup of Forges and Minelli (1997), actions do “matter” in our model.
That is, an action that (7, s) chooses in A; changes the price (and therefore the allocation) in the
strategic market game. However, it is reasonable to conjecture that in a large replica economy,
actions will not matter too much. This is indeed the case and allows us to derive the existence
of approximate type symmetric REE allocations. Having said that, our proof is complicated by
the need to provide bounds for certain objects that are independent of r. The analogous bounds
in [Forges and Minelli (T997) are obtained more easily in the continuum framework.

We now provide an informal sketch of the argument. Fixing e > 0, we apply certain machinery
developed in McLean and Posflewaitd (2002) (See Lemma 1 in Appendix A) to show that, for large
enough 1, T" can be partitioned into (m + 1) subsets, B}, B, ..., B., with Prob{t" € By} =~ 0.
Defining S™ = U, By | it follows that Prob{t" € S"} a 1. To proceed, we choose a large enough
r,at” € S" and an agent (i,s) and then modify the argument in Forges and Minelli (I997)
according to the following steps:

Step 1: We first show that w/(u"(t")) < K' for each | # L + 1. Note that K' is a uniform

upper bound that is independent of . Next, we show that there exists a positive constant C,

7l

L
also independent of 7, such that > pul(¢") < C < wX**. The existence of such a constant C is
=1

18

L
critical for our approximation result since it avoids the situation where > p;’

=1
goes to infinity. Finally, we show that Q' < 7!(u"(¢")) for each [ # L + 1. This uniform lower

L+1

(t") > w;/ " asr

bound is the analogue of the activeness assumption in Forges and Minellj (1997).

Step 2: Choose &; € B;(¢"(t")). Given the uniform upper bound on 7(u"(¢")) and the existence

14



of C'in step 1, we can construct a feasible action o(t", a) € A; for agent (7, s) defined as

ois(t7, @) = ag' (1")& + (1 — )i (1)

for 1 <1 < L where a € (0,1) is independent of r. Next, we use the uniform lower bound on

m(u"(t")) established in step 1 to show that

Zis[p-is(t"), 0is(t", )] = a&i 4+ (1 — a)ais [ (7)]. (15)

for sufficiently large r. Therefore, for sufficiently large r, we have

S ulauli (L OP 01 ().
> Z wi(xis[p”;5(t7), 05 (", )], 0)PT(0|q"(t"), t;s) (Definition 5 of type symmetric ICSFM)
> Zuz O./fz 1 - a)xzs[ ( 7")]7Q)Pr<9|q7a(tr)>tis) —ae ( By ([]:5))

>a) ul, 0)Pr Ol ("), tis) + (1 - a Zu is[p" (")), 0) P (0]q" ("), tis) — ac (Concavity)
0

and it follows that
Z wi(ss[w" ()], 0) P (0lq" (t), tis) > > (&, )P (B]q" ("), tis) — €.
0

5.3 From Rational Expectations Equilibrium to Approximate Incen-

tive Compatible Self-fulfilling Mechanism

Now we state our second result which asserts that, in a large enough replica economy, we can
associate with any given type symmetric REE a type symmetric e—ICSFM whose equilibrium

allocation coincides with the type symmetric REE allocation, except for the “money” commodity.

Theorem 2. Suppose A.1 and A.2 hold. Let {E"}>, be a sequence of replica economies and
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suppose {(q", (2;).s)en, ) }r>1 @5 a sequence of type symmetric REE. Furthermore, suppose the
sequence {q"},>1 of the type symmetric REE prices satisfies A.3. Then for every ¢ > 0, there
exists an integer © > 0 such that for allr > T there exists a type symmetric e—ICSFM p"(-) such

that for any (i,s) € N, and any t" € T",

|7 (u" (7)) — q" ()] <&, (16)
a1 ()] = 22Nt foralll # L+1 . (17)
et ()] = 2 )] < e (18)

To understand our result, let us first recall the result in [Forges and Minelli (T997). With
a continuum of agents and non-exclusive information, Forges and Minelli (1997) showed that
for any given type symmetric REE there exists a type symmetric self-fulfilling mechanism whose
equilibrium allocation and price coincide with the type symmetric REE allocation and price. Our
theorem 2, however, shows that in our finite-agent setup with a nontrivial information structure,
for any given type symmetric REE, there exists an approximate type symmetric incentive com-
patible self-fulfilling mechanism whose equilibrium allocation coincides with the type symmetric
REE allocation for all commodities except the L + 1 commodity, i.e., the “money.” The equilib-
rium price realized by the approximate type symmetric ICSFM is close to the type symmetric
REE price, which renders the approximate equivalence of the “money” commodity.

The proof uses the machinery of informational size formally developed in McLean and Postle

waite (2002) to address the issue of incentive compatibility that is absent in [Forges and Minelli
(1997). If an agent’s informational size is small, then the profitability of misreporting is also
small. As shown in McLean and Postlewaitd (2002), each agent’s informational size can be made
arbitrarily small for a large enough replica economy. Therefore, we can construct a mechanism
1" in which honest reporting and following the contemplated action is almost maximizing each

agent’s payoff.

Now we provide an informal sketch of the argument. Fixing € > 0, similar to the proof
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of Theorem 1, we apply certain machinery developed in McLean and Postlewaitd (2002) (See
Lemma 1 in Appendix A) to show that, for a large enough r, 7" can be partitioned into (m + 1)
subsets, B}, By, - - , B, with the following properties: 1) Prob{t" € B} ~ 0 ; 2) For each k > 1,
if t,4" € By, then f(t") ~ f({"). Defining S™ = Uy, By, it follows that Prob{{" € S'} ~ 1.
Choosing a large enough r, we proceed in the following steps:

Step 1: As in the sketch of the proof of Theorem 1, we begin by showing that there exist bounds

K', @', independent of r, such that for each [ # L + 1 and each " € T",

Step 2: Construct the mechanism " : 7" — A" in the following way: first, for each k € J,,

choose a t"* € B and let ¢, = ¢"("*). Second, for each (i, s) and each [ # L + 1, let

g q/?lzl?:,é(tr> if t" S Bz

| gz (tT) if € By

Note first that 7(u(t")) = g, for all " € Bj. Then by property 2) of the partition and assumption
A.3, for any t" € By it follows that f(t") ~ f(f"F). Consequently, w(u(t")) = ¢; ~ ¢"(t"), implying
that x;s[p"(t")] ~ 2I,(t"). Similar to Forges and Minelli (I'997), we use the uniform upper bound
on the type symmetric REE prices established in step 1 to show that the constructed mechanism
u” is feasible for all " € S”.

Step 3: To show the construct mechanism p” satisfies () in the definition of e-ICSFM, we
choose an agent (i, s), her signal t; € T}, a t; € T; and 6; : RETY — A;. Then we break agent

(i, s)’s deviation into two parts: the first part isolates the effect of misreporting and the second

part isolates the effect of choosing a different action.
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Step 3.1: To isolate the effect of misreporting, consider

ZZu (s [pmis (g0 12), G (m (et 10)))], 0) =i (s [pimis (85 £2), G (m (it )], O)LP7 (0, 87| 8:)

715

Since Prob{t" € By} ~ 0 and Prob{(t_;s,t;) € B; and (t_,t,) € By} ~ 0, it follows that™

—r r _r r r €
Ml = Z Z Z UZ 'CEZS —is —zs’t ) 5 (qk)]’ 9) - ul<x15[u (t—zs’tz) 6 (qk’)]? 9)]P (9 t—zs|tl) - Z
(1 zsftls)eB
(t" s ti)EBY,
15
> ——.
- 2

The first inequality follows from small informational size. To justify the second inequality,

note that (¢ ,,,t;) € B}, and (¢"

—is) V1

t}) € By, then the construction of the mechanism implies that

—18)

T (i, 1)) = @ = w(p" (145, 1;)). Therefore, we have

Tis[pi—is(t 55, 1), 0i(@)] R is[pi—is (T 44, 17), 0:(q1)).

Step 3.2: First, define Q(t;) = {¢" ("5, t:)|(t"

"o ti) € T"\ By }. By the condition (ii) in definition
1 of type symmetric REE, there exists a function Z;(g, t;) such that 27, (", t;) = Zis(q, t;) for all

t",, satisfying ¢" (", t;) = ¢. Next, for any a; € A; and ¢ € RY define

—18)

1
]

I L
a a;
yis[ai’(ﬂz(q_a“' —L, L+1+E q'w, — E ay)
= =1

In words, y;s[a;|q] is the allocation for agent (i, s) if he chooses action a; and the market game
price is exogenously given as ¢q. Note that y;s[a;|q] € 5;(q) by definition. Furthermore, for a large

enough 7, we can use the uniform lower bound on the type symmetric REE prices established in

11Gee step 2 in the proof of Theorem 2 in Appendix C.
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step 1 to show that x;s[u";,(t"), a;] = yislai|q"(t")]. Now we consider the second part:

DD ualwisp iy t0)]0) = i [pis (s ), 8s (5, 80))], O P (60, 87 [ 2:)

—is) —is7 Vg

(s [t 55, )] = 2is(t5, 1))

—18)

> Z g[ui(zis(trisv ti)? Q) - ui(IiS[:u (tT ti )7 5z’(7T(M(tT t/)))L 8)]PT(07 tr | )

—18) —187 V1

3
—is ti) — E

Z T ‘s €
> > > Z[ui(zis(q,tz)ﬁ)—uz(%s[u (t2is, ta), 0s(@)), )] P (0, tLslti) — 3
a€Q(t:) k t:is: 6
(t" ,4:ti)EB],
Q(tiisyti):q
(@islp—is (P55, 1), 0:(@)] ~ wis[0i(r)a].)
2 = s r €
> DT> D wilisla ta), 0) — wilyisldi(@) gl 0)| P (0,1 |t:) — 1 (19)
a€Q(t:) k Tist Y
(" o oti)EBY
Q(tiisyti):q
(By Step 2 in the proof of Theorem 2 in Appendix C.)
Z P (O, 17 55|t:)
N . _Ziz)=q . €
> ) Z[Ui(zis(Q7ti>uek)_ui<yis[5i(Qk)‘Q]78k)] — S P ) -5
Z P (t zsltl) r 2
4€Q(t) P i
q(tr_;:;)—q Q(t”_is 715,)7(1
(20)

= > D [wili(g. ), 0k) — wiyis[0:(a5)lg), 0k)) P (Oklq, £:) } Z Pt lt) — 5
q€Q(t;) K :

715

Remark 4: Our construction of the mechanism in Theorem 2 is different from the more “natural”

construction in Forges and Minelli (T997) which is p"*(t") = ¢"'(t")z1'(t") for each (i,s), each

[ # L+ 1 and each t" € T". Formally, this is due to the critical step from (I9) to (20) where
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we want to move the summation over t”,, with respect to ¢ to be in front of P7(6,t",|t;).

If we constructed the mechanism as in Forges and Minelli (1997), then y;[0:;(m(u"(t7)))|q] =

Yis[0:(q"(t" 15, ti))|q] would depend on the choice t",, and therefore the logic from (I9) to (20)

S
would no longer hold. We can however make the construction in Forges and Minelli (T997) work,
if we restrict ourselves to type symmetric e—RICSFM. In this case, the continuity of d; implies

that ys[0:(m(u" (t)]q] = vis[0i(q" (t" 5, t:))]q] = vis[0:(Th)|g]. Now we state our Theorem 3.

Theorem 3. Suppose A.1 and A.2 hold. Let {E"}>, be a sequence of replica economies and
suppose {(q", (2;),s)en, ) }r>1 i a sequence of type symmetric REE. Furthermore, suppose the
sequence {q"},>1 of the type symmetric REE prices satisfies A.3. Then for every € > 0, there
exists an integer 7 > 0 such that for all v > 7 there exists an e—TSRICSFM pu"(-) such that for

any (i,s) € N, and any t" € T",

m(u" (") = q"(t"), (21)

zis[p" (1)) = 2, (1) - (22)

6 Discussion

1. In this paper, we follow [Forges and Minelli (T997) by using the so-called “sell-all” market
game to model the price formation. There are several other strategic market games that are
more complicated and perhaps more realistic than the “sell-all” market game, such as the one
studied in Posflewaife _and Schmeidlerd (T978). However, the main focus of this paper is to
carefully address the issue of incentive compatibility which arises naturally in our setup. It is
certainly worthwhile to check the robustness of our results for other formulations of strategic
market game.

2. In this paper, we use the strong Law of Large Numbers to obtain the approximate equivalence

(2006) to obtain an exact equivalence result with a continuum of agents and with more general
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information structure like the one studied in this paper.

3. Regarding the interpretation of the mediator in our mechanism, it is not reasonable to believe
that there does exist a central authority that functions in the way we described in this paper.
However, [Forges and Minelli (T997) showed that the self-fulfilling mechanism can be replicated by
a stationary nash equilibrium in an infinitely repeated market game. Therefore, the “mediator”
does not need to be an actual central authority. The extension of their results in our setup is an

interesting question for future research.
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Appendix

Appendix A: Preliminary Lemmas

First, given a replica economy E" and € > 0, we define the partition II"(¢) = {B{(¢), Bi (¢),..., B}, (¢)} of T" as
the following:™
Bi(e)={t"eT" :||P"(:|t") — Iy, || < e} forall ke Jy,
and
By(e) = T" \ (Ure,, Bi(€));

where J,,, = {1,2,...,m}.

Lemma 1(IMcLean and Postlewaite (2002)): Let {E"}2; be a sequence of replica economies. For every
e > 0, there exists an # such that for any » > 7 and associated partition II"(e) = {Bf(¢), ..., B, (e)} of T" the
following hold:

i)
P’I"Ob{l?r S ngtijg(@} >1—ec. (23)

ii) For each (i, s), each t;5 and each ¢,

i ) Pr(tZltis) <e, (24)

k=1 AP
(t7;s:tis)EB(e)
(75,1 ¢ B, (€)UBg (¢)

—is771

and

> Pr(t", |tis) < e. (25)

iii) For each (i,s) and each t;g,

> P (Okltis) — Prob{t" € Bj(e)|tis = tis}| < e. (26)
k

iv) For each k, each t" € Bj(¢) and each i,

D filtilt™) = piltilfn)] < e (27)

t; €T;

Lemma 2: Suppose {z,}52; and {y,}°2, are sequences in R'. Suppose that lim (z,, —y,) =0 and y, > A > 0
7—00

N T I
for all r. Then Tl;rgo(z —5-)=0.

Proof. Choose € > 0. First note that there exists an #; > 0 such that for any r > %1, x. >y, — 5 >
,,’;

there exists an 75 such that for any r > 7o, |2, — y,| < ATQE. Then, it follows that there exists an
such that for any r > 7,

12Here, we need £ < % so that {Bj,(¢) : k € J,,} are disjoint subsets of T". For the rest of the proof, we

assume £ < %
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That is, lim (= —1)=0. m

r—oo  ¥r Yr

Appendix B: Proof of Theorem 1

From now on, to simplify notations, we will write u(t") for u"(t"), q(t") for ¢"(t") and z; (") for 27 ().
Step 0: First, note that by (E3) in assumption A.2 there exists a positive number C such that for each 6, each
i1 € N and each t; € T;,
L max [K' wl
l;éL+1[ lg\, i
pi(ti]6)

Choose 0 < n* < p;(t;]0) so that for each 6, each i € N and each ¢; € T,

witt >0 >

L max [K! w!
l;éL-',-l[ g]:\, d

pi(til0) —

Step 1: For any n € (0,n*), there exists an 7 > 0 such that for any r > #, any k € J,,, , any t” € Bj,(n) and any
l#L+1,

(28)

Q' < m(u(t) < K.
To begin, first choose n € (0,7*) and then we proceed in the following steps.

Step 1.1: There exists an 71 > 0 such that for any » > 71, any [ # L 4+ 1 and any t" € T",
(u(t) < K.

To prove this by contradiction, first suppose that for any 71 > 0 there exists an r > 71, a Z;é L+landatreT”
such that . .
KD <r(u(t)). (29)

Then choose 71 > 0 such that there exists an r > 71, a i# L+1and at” €T" such that

w_L-‘rl KZ

() - ? > (30)
r Wi

i=1

Applying assumption A.2, it follows that for agent (3, s)

Ou; (2?15[ (t )] 0) . i
3 P P Ol () ) 5 Ol ML) pr (gl (1)), 1)
> Qualeee L0 pr(g|m(pu(tr)), tis) 57 | 32 2@l pr(gr(p(tr)), tis)

[ S HELELPT (Ol (a(17) i) | | 2t pr(i(u(t), 1)

_ Ox!
- ; | 2ulzielulDLO pr(g|m(u(tr)), tis) D Quilss ) pr(g|m (p(t7)), tis)
<K' (By (I2).
Together with (29), we obtain
> Ousleee WEDLO) pr () (u(t")), tis)

3 L Pr Ol (u(t7), )

< K' < al(u@r). (31)
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The definition of 7 ( (t")) implies that there exists an agent (i,s) € N, such that pzs )y >mn (u(tr))wﬁ Since
il (u(t™)) > K> 0, it follows that uw(tr) > (u(tr))w > Klwl > 0. For v < ,uw(tr) consider a;5(y) € A; where

@is() = (L (7), -+ by (7)) = - p (7).

Its corresponding allocation is

@hlnois (), ais(7)] = @l u(t")]  for any I #1;

N i
xis[u—is(tr)7ais(’y)] = — ’uiST(t ) — ’Y’Y :
’]'('Z(M(t )) — T;wg
)
i s (1), i it Fy(l— ——).
mis (). ass()] = 25 )] + 2 Tzw>

Let is(r,7) = @islp—is ("), ais (7)) and vi(r,y) = > wi@is(r,7), 0)P7(0]w(p(t")), is). Note that ws(r,0) =
0
is[p(tT)] and v;(r,0) = > wi(@is[p(t™)], 0) PT (0|7 (1(t7)), tis). We will show that v can be chosen so that a;s(7)

0
is an element of A; and v;(r,y) > v;(r,0). This contradiction will complete the proof of step 1.1.
Next, define

omt (u(t"))

~ ’f’r :
oo () = )

i

9(d) =

for each 6 > 0. Note that

al (s ("), ais(g(8))] = 2 [u(t™)]  for any I # I;

.fL'Z —is " ; Qs 1) = M,
islp—is(t"), ais(g(9))] )
w!
:%WWMWﬂMﬂW]x?WWW+MMLVZw)

By (B0), ﬂi(u(tr)) — % is positive. Therefore, g(6) > 0 for all § > 0 and g(0) = 0. Furthermore, g is

differentiable at 6 =0 V\;ith

Lo k()
g'(0) = T :le(tw?

i

Therefore, the derivative of v;(r, g(§)) with respect to 9 is

Ov(r,g(d)) Oui(xis(r,0),0) 1 Ou;(zis(r,0),0) , wﬁ ”
T == ; - ax[ Wi(ﬂ(tr)) + 8$L+1 g (5)(1 - rzwg) P (9|7‘(’(,U,( )) tZS)

Note that ugs(tr) > W[(u(t’”))wf implies that

RS el
"0)(1 — i) = > 1.
a r;@) MM)V;%—mJﬂ -
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Together with (BI), at § = 0 we have

Ouilwis ()], 0) pr , 1 Oui(wis (1)), 0) -
ZB: ™ P (0] (u(t )),tis)wi(u(ﬁ_)) < 29: S P (Bl (u(t) i)
wi (s (7)), , wh

= Za (ax[ﬁtl 19 g 0ya - ZZ )P (01 (u(t")), tis)-
6 r . wj

WB:O > 0 implies that there exists a §* > 0 such that for any 0 < § < 0%,

vi(r, 9(8)) > vi(r, 9(0)) = vi(r, 0).

Therefore

By (BO), we have lims_,o g(6) = 0. Therefore, choose 0 < § < 6* such that ués(tr) —g(8) > 0. It follows that
a;s(g(9)) € A, is feasible for agent (i,s) and v;(r, g(d)) > v;(r,0). This contradicts the assumption that x is an
ICSFM.

Step 1.2: There exists an 75 > 0 such that for any r > 7 , any k € J,,, , any t” € B} (n) and any (4,s) € N,,

L
D oHi(t) < C <with, (32)
=1

To prove (B2) by contradiction, suppose that for any 73 > 0 , there exists an r > 75, an agent (i,s) € N, a
k € J, and a type profile t” € Bj(n) such that

L
> k() > C.
=1

It follows that there exists an [ such that o
W) > = (33)

Applying step 1.1 and Lemma 1.iv), we choose 73 such that there exists an r > 79, an agent (i,s) € N,., a k € J,,
a type profile " € By (n) and an commodity [ satisfying (83), K' > n!(u(t")) and

fitilt") > pi(tilOr) — 1. (34)
If t], = t;, then it follows that
K'> 7l (u(t™))  (Step 1.1)
OPIIZNCONED MO NP IPILALS

_ i s _ _ s . j#i s _

ryw; Yo w) rywh
ST
S s . Cfl(tz“)
r>w LY w!
 Clpltlo) =)

LY wl

(By (),(9) and (B3))

(By (c2)).

which contradicts with (E).
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Step 1.3: There exists an 73 > 0 such that for any r > 75, any k € J,,, , any t" € Bj(n) and any | # L + 1,
' (u(t") = Q".
To prove this by contradiction, first suppose that for any 73 > 0 such that there exists an 7 > 73, a k € Jp,,, a
l# L+1andat” € Bj(n) such that
' (u(t") < Q".
By (I2) in assumption A.2, we have

DusleselbCLO) pr (G| (pu(7)), 1)

A >
ol (u(t") < Q' < gam
6

T . 35
PusCos D) pr (gl (pu(t)), tss) v

Note that the definition of 7!(1(#")) implies that there exists an agent (i, s) € N,. such that ,u;s (") < wl(u(tr))wl
Choose 73 > 75. We conclude from step 1.2 that == [u(t")] > 0. For sufficiently small -y, consider a;s(v) € Az
where

is () = (pis (), g () 7, il (7).
Similarly, let z;5(r,y) = @is[p—is(t"), ais(y)] and v; (r,v) = > wi(is(r,y), 0) PT(0]w(1(t")), tis). Note that x;5(r,0) =
]
is[p(t)] and v;(r,0) = > ui(@s [ ()], 0) PT (07 (1(t")), tis). We will show that v can be chosen so that a;s(7)
9

is an element of A; and v;(r,7y) > v;(r,0). This contradiction will complete the proof of step 1.3.
Next, define

for each 6 > 0 and note that
2 lnis(t7), ais(g(8))] = &l fu(t7)]  for any I #1;

Al (). _ () +9(0)
zs[#’*ls(t )7 18(9(5))} Tri(ﬂ(tr))—F gz(:)l
ol iis(t7), ais(9(0))] = w i [u(t™)] — 4.

Note g(d) > 0 for all § > 0 and ¢g(0) = 0. Furthermore, g is differentiable with

> 'wi
Therefore, the derivative of v;(r, g(d)) with respect to § is

2u(r9() _ g~ [ Quilzin(r,3),6) 02! dui(wis(r,9),0)

96 P) ozl 95 O L+1 Pr(0]m(u(t")), tis)- (36)
where A
! r i ()
Ozl ™ (u(t")) rZw y
9%~ wl(ur)) + ;g; T
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Note that ,ugs(tT) < 7rl(p(t”))wfT implies

NGO
((iiii 1 r > wh w(u(tr) 1
et = — i _ > — .
95 1620 " aluer)) - el )

Together with (BH), at § = 0 we have

3 2@ b0 pr g 4(17)), 1) < 3 29E IO pr g 417)) 1)L

0 8$L+1 c 837[ Wl(“(tr))
<§9:8uz($zsa[/;l( "], )%‘7; PT(9|7T( (™), tis)-

So by (B8) it follows that M| —o > 0, which implies that there exists a §* > 0 such that for any 0 < § < 6%,

vi(r, 9(0)) > vi(r, 9(0)) = vi(r, 0).

Therefore, choose 0 < § < §* such that z2 [u(t")] — § > 0. Tt follows that a;(g(5)) € A; is feasible for agent
(i,s) and v;(r, g(0)) > v;(r,0). This contradicts the assumption that p is an ICSFM.

Step 1.4: Given the choice of 71,79 and 73 in step 1.1-1.3, we let # = max{#, fa,73}. This completes the proof of

step 1.

Step 2: For each r, each (i,s) € N,., each a; € A; and each t" € T",

Zuz xzs L O) P (0]q(t"), tis) > Zuz (w45 ;“ w(tr),ai)}79)Pr(9|q(tr)7tis).
%

Since p is an ICSFM, so for every function §; : RET! — A;, we have

ZZuz (zis[(t")], 0)PT (0,17 ;. |tis) >Zzu, (zis[p—is (£, 85 (m(pu(t))], 0) P (0, 1" ;. |tis).

—La

Now fix t" = (t7,,,t;s) € T" and a; € A; and define §;(-) : Riﬂ — A; so that

S (1)) = Bl 1 >>>={‘“ o ti) =t )

pis(f7 5, tis)  otherwise.

Then it follows that

Z Zuz l'zs 77,57 )] G)PT(Q tfzs|tzs) el Z Zuz 1’15 —18 7157t ) ai)],H)PT(G,f,Z-S|tZ—S).

t_is
:q(t7L57 Ls) :Q(tfb‘y Ls)
:(I(tiisvtis) :(I(tiisytis)
Note that R
Z Pr(07t—is|tis)
tois
q(tAi‘is, m)
Pr(0]g(t” 1y, tia), tia) = i)
—187 Y18 /)y “18 Z Pr(i\_zq“zq)
t_is
q(E 5 tis)
—q(t_“ tis)
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If q( s tis) = q(t7 4, tis), then w(p(tﬂs,t s)) = m(p(t" ;4. tis)). Since p is adapted, yzs( "o tis) = fis(tT ;s tis)-
Therefore q( oo tis) = q(t7 ., tis) implies that

—1i8)

Z: Z::uéﬂs’ (fizsv s)+ a - //L%(t,w, tis)
(:u’(tlzsvt )az): L

i=1
_ ;;Nz/s/( 7157 ) N aé o ,uis(fiisatis)
n n
Ty w s w)
=1 =1
7 L /j‘is (tr—is7 tls)

i=1
l l r
r a; — His (tfzs’ tis)
= (Ut o tis)) + 0
Ty w;
i=1
Z Zﬂ’l’s’( —157 ) + a’é - ﬂis(tiisa tls)
- n
ry wl
i=1
=7 (1t 5 tis), ai).-
Consequently, q(£" ., tis) = q(t" ,;,, tis) implies that
i o )] 2 % L (1 ti), 0] = 2 07) ],
LislH—is\loiss bis ), di] = P = T = Tis —is) y Qg —(E
g Al gy o0 A ) g
and (letting al = pl (t7 ;. tis) = b (7,5, tis)), it follows that
T /J’zs(trfzs?t )) Mis(tzzsvtzs) r
[M(t (is)? tls)} = 7 = = xis[u(t )]

Wl(/‘(tiis,tis)) Wl(ﬂr(tlisatis))

Then we conclude that for any a; € A;

Zuz xzs )Pr(9|q Z JJ“ 6 )7ai)}ve)Pr(mq(tr)?tis)'

0
Step 3: First, for any a; € A; and ¢ € RL_ define
a/l a-L L 1 L
yis[ailq]E(qi,---7*Z " +qu D> ai).
1=1

In words, y;s[a;|g] is the allocation for agent (4, s) if he chooses action a; and the market game price is exogenously
given as q. Then we prove the following claim.

Claim 1: For any p > 0 and any n € (0,7*), there exists an # > 0 such that for any r > #, any k € J,,, any
t" € Bj(n), any (i,s) € N, and any a; € A;,

|@islp—is ("), ai] = yas[ailm (u@)]I| < p-

Here || - || is the L1 norm.
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Proof. Choose p > 0 and n € (0,7*). By step 1, there exists an #; > 0 such that for any r > 71, any k € J,,, ,
any t" € Bl (n) and any | # L + 1, we have 7'(u(¢")) > Q' > 0. Then note that

al — pl(t"
i), a) = )+ L),

Since al and pt, (") are bounded, it follows that lim [7!(u_;s(t"),a;) — 7' (u(t"))] = 0. Therefore, there exists an

T—00
72+ > 0 such that for all r > 7511,

o5 s (t),ai] = o ()] < 2

By Lemma 2, for each | # L + 1, let @, = ! (u_is(t"), a;), y» = 7 (u(t")) and A = Q', then it follows that there
exists an 75 > 0 such that for all r > 7,

L+1

Since al < w; !, so it follows that

l r a; p
A ot ,aq| — < .
|xzs [/J’ 15( ) a’l] Wl(ﬂ(tr)) ‘ L+1
Therefore, there exists a # = max{fy, 73, - ,fé’“} > 0 such that each r > 7, each 7, each a; € A;, each k € J,,

and each t" € By (n),
L+1

is a7, ] = wislaslr(” (D] < 3 75 = -
=1
n

Step 4: For any 1 € (0,1*), there exists an # > 0 and a compact set D € RET! such that for any r > 7, any
k€ Jn, any t" € Bi.(n) , any (i,s) € N, , and any a; € A4;,

Tis[p—is(t"), a;] € D;

Yisladm(p(t"))] € D.
To see this, choose nn € (0,17*). By step 1, there exists an #; > 0 such that for any r > 71, any k € J,,, , any
t" € Br(n) and any | # L+ 1, we have 7' (u(t")) > Q' > 0. For simplicity, let ¢ = mlin Q" and w ! = maxw .

7

Applying Claim 1 of step 3, there exists a 75 > 0 such that for all r > 75,

L+1

' ‘s w
|Zis[p—is(t7), as] = yaslas|m (u(t"))]]| < P (37)
Since 7! (u(t")) > g and a! < wET! it follows that for all [,
! —L+1
l 4G W07 (38)
7w (u(t7)) q
For good L + 1, we have
L L L
witt 4 Zwl(,u(tr))wﬁ - Z al <wkt 4 ZKlwé =M. (39)
=1 =1 I=1
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Let # = max{#1,72}. Then for all » > 7, let M = max M; and define the compact set

2L+l pL+1
D= {x 6R§_+1|xl < L for all l and 2T < M + wi }.
q q

Note by (88) and (B8Y9), we have y;s[a;|m(u(t"))] € D. Moreover, from (82), xt [u_;s(t"),a;] < MT and
eE s (t7), a5) < M + %. Therefore, x;s[p—is(t"), a;] is also in D.

18

Step 5: For any p > 0 and any n € (0,7*), there exists an # > 0 such that for any r > #, any k € J,,, any
t" € Bj(n), any (i,s) € N,, and any a; € 4;,

|wiwis [p—is(t), @], 0) — wi(yis[ailw (u(t"))], 0)] < p. (40)

Proof. Choose p > 0 and 1 € (0,1*). By step 4, there exists an #; > 0 and a compact set D € RE+! such that
for any r > 71, any k € J,,,, any t" € Bj(n) , any (i,s) € N, and any a; € A;,

Lis [,u—is(tr), ai] S D7
Yislag|m(u(t"))] € D.

By the uniform continuity of u;(-,8) in D for each 6, there exists a § such that for any x; € D and any y; € D,
2 = yill <0 = [lui(zi, 0) — ui(ys, )| < p. (41)
By claim 1 of step 3, there exists a 73 such that for any r > 75,
[|wislpiis (1), as] = yis[ai|w (u" (E7))]I] < 0. (42)
Hence, let 7 > max{#y,72}. Then, for any r > 7, by (E0I) and (B2) we have
wi(wis[p—is ("), ai], 0) — wi(yis[ai|w(u(E"))], 0)] < p.

]
Step 6: Choose ¢ > 0. We now show that (m(u(-)), {Zis[1(-)]},s)en,) is a type symmetric e—REE. Pick

n < min{n*,e}. By Lemma 1.i), there exists a 71 such that for any r > #; and associated partition II"(7),
Prob{t" e U Bi(n)}>1-n>1—¢. (43)
Moreover, step 1.2 implies that there exists an 75 such that for any r > 9, k € J,,, t" € Bj(n), (i,s) € N,, and

a; € Ai,
L

> ui(t) < C <with,
=1

Choose a constant o € (0,1) that is close to 0 such that
L
a[z K'wl+ oM+ (1 - a)C < wh. (44)
=1
Applying step 5, there exists an 73 > 0 such that for any r > 73, k € Jp,, t" € Bj.(n), (i,s) € Ny, and a; € A,,
|ui(is[p—is(t"), ai], 0) — ui(yislasw(u(t"))], 0)| < ae. (45)

Therefore, let # = max{#y,72,73}. Fix r > 7. Let S” = Ugey,, Br(n). By (E3), it follows that (@) holds. Then
to show (m(u()), {@is[1(-)]}is)en,) satisfies (B),(@) and (8), choose t",{" € S”, (i,s) € N, and (i,s') € N,. If
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f(t") = f("), then by type symmetry we have

XXX Lt m) ZZMH "ier Ti) fi(TiltT) ZZMH(_W

Trl(,u'(tr)) = i Ti $tis=Ti

i).fi(m|t")

o) B o)
j j
If (t") = q(t"), tis = tis, then 7w(u(t")) = 7(u(t")), tis = tis implying that (") = pis(t") since u is adapted.
Therefore,
tr Lt .
(tr) :Uzs(r) _ ’UJZZS(A ) _ Zés(tr).
¢(tr) gl
Moreover,

[ s [

GO Y DIN
() = thy 7 i !
2.2 A =2 iy zz%ﬂ T2
Next, choosing t" € S”, (i,s) € N, and & € 5;(q(t")), we are left to show that
0

Since &; € Bi(q(t")), applying step 1 again we have

L

L L
Z tr 7{ < Z tr ,w + wL+1 < ZKlwl + wL+1
=1 =1

=1

By (#32), it follows that

> lag ()& + (1 — )i (7)) < wi !
1=1
Defining
Nis(t", ) = aq(t")& + (1 — a)us(t"),
we have

L+1
Z s (",

implying n;5(t", o) € A;. Also, note that

Yis[nis (87, @) |w(u(t7))] = a&s + (1 = a)as p(t")].

Then it follows that
Sl P Ol
> Zu is[p—is ("), mis (1", )], 0) P"(0]q(t"), tis)  (Applying Step 2)
> Z“i (Wis[mis (", @) [w(u(t"))], 0) P" (0]q(t"), tis) — s (By (£3))

= Zuz (i + (1 = a)ais[u(t")], 0) P"(0]q(t"), tis) — ac (By (€8))

EQZW&,VWWW%HQ*@ZW%MW%WWWWHM*%
0 6
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D wilzis(t7), 0/ PT(0la(t"), tis) = Y wil&, O)P"(0la(t"), tis
0

(Concavity).

= 7' (u(i"))

(46)



We conclude that

D sl O Ola(E), ) 2 3 Sl )P Pllt") 1) =

Appendix C: Proof of Theorem 2
Step 1: For each [, each r, and each t" € T,

Q' < ¢ (1") < K.

To see this, first we show that ¢'(t") < K!. Suppose that there exist a [, an r, and a ¢" € T" such that
¢'(t") > K.

Together with (2) in assumption A.2, we have

uilees0) pr(plq(t7), tis)
¢'(t") > K' >

— . (47)
Juilzisl) prg|q(tr), t;s)

==l

By the market clearing condition for good [ at ¢, there exists an agent (i,s) € N, such that 2! (¢") > 0. Consider
the following feasible allocation z;s(t",7) € B;(q(t")) for agent (i, s):

ZiS(tr’Py) = (Zils(tr)a T 72£s(tT) - l’yr L) zs(tr)v st+1(tT> + ’Y)'
q'(tr)
where 0 < v < 2L (#")¢ (t"). Let v;(r,7) = 3 ui(2is(t",7))P"(0|q(t"), tis). Then by (&2) we have
[ASIC)

avi(r7 7) o auz( Lis ) . r a'UJz mzs; r - r
87 ”y:O - ; |: a P 0| t ’LS‘ + Z a L+1 (t ) P (9|q(t )7tis) > O

This contradicts with the assumption that z;s(t") is a part of type symmetric REE. Similarly, now we show that
¢'(t") > Q'. Suppose that there exist a [, an r, and a t" € S” such that

¢'(t") < Q.
Together with (I2) in assumption A.2, we have

Quiless0) pr(glg(t7), ts)

Quslgie0) pr(flg(tr), tis)

ql(tr) < Ql 29:
2

By the market clearing condition for good I at ", there exists an agent (i,s) € N, such that 22" (t") > 0.
Consider the following feasible allocation for agent (i, s):

r r r 2 r r
Zzs(t a’Y) = (zzla(t )a azzl‘s(t )+ ql(tr)a"' s zs(t )7 zl:g+1(t )_7)

where 0 < v < z2TH(t7). Let vi(r,y) = 3 wilzis(t7,7))P7(0]q(t"), tis). Then by (B3) we have
6co

avi(rf}/) o 8’&1(1'15,0) T r ) 8ul(xlsﬂ0) Ligr T r .
T”Y:O B ; |:a$l P (G‘Q(t )atzs)+g 7wq (t ) P (9|q(t )7t15) > 0.
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This contradicts with the assumption that z;5(¢") is a part of an REE.

Step 2: For any p > 0, there exists an # > 0 and a y € (0, p) such that for any r > #, any (i,s) € N, any t;s € T;
and k € J,, the following are true:

i
S Pt < . (49)

tr

—is"

(t755:tis)EBG (7)
ii) For any t; € T;,

> > Pt 5]tis) < p- (50)

k=1 t"

—is*

(t7455tis)€BE(Y)
(t75:t) € By (v)UBg (v)

iii) For any t" € BJ(v),

(1= P(0]t") + Y PT(0ult") < p. (51)
k#k
iv) For any M" € T,

> Pr(tiltis) < D) PT(Outliltis) +p > Pt ltis)- (52)

tils t’r' is* ths
(t",;5:tis)EBL(7) (t7 5 tis)EM” (t7;5:tis)EBL(7)
(tZistis)EM™ (tZis5tis)EMT

v) For any t; € T;,

> Z Pr(t7 4 ltis) < p. (53)
kEJm .

(tlgtis)EBL(Y)
(tZ;a ) EBG ()

Proof. Choose p > 0. By Lemma 1.ii) and iii), there exists an 7] such that for any r > r{ and associated partition
II"(p), (E9) - (5X) hold. Next, applying Lemma 1.i) again, there exists a 75 such that for any r > r} and associated
partition II"(£), t" € Bj(£),

Pr(g;]t") < for all j # k. (54)

S

Choose M"™ € T" and it follows that

Z P (tczs‘t ): Z [Pr(elm 7zs ZPT 6 ttzs )]

[ t i#k
(tZootis)EBR () (tZ;q,tis)EBL(5)
(t7 s tis)EMT (t7 g tis)EM™
< Z PT(Gk,tCisﬁis) + Z ZPT 9 |t—zsv ZS)]Pr(tr—is‘tiS)
(2P g Jj#k
(t7 ;5. tis)EMT (tZ.tis)EBL(E)

(tT s tis)EM™

X X m—1 X
< Y POt S Pt (By (@)

AP [P
(tZ;a:tis)EBR () (t7 45tis ) EBL (&)
(t7;s5tis)EM™ (t7;s5tis)EM™
S Z Pr(0k7tiis|tis) +p Z Pr(tizs““)
t7 tr .
(70t Ls)EBT( ) (Lwtw)EBk(,ﬁ)
(t L‘§7tls)eMT (t7157t1s)6M7
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Next, by the analysis in the proof of Theorem 2 in McLean and Postlewaitd (2002)(see Page 2449), there exists

A > 0 and an integer r5 such that for any r > 75,
FE) = P (10| < A= [Pt = Io || < £ for all ¢ and k € J;
k 2
A :
| f(t i tis) — F(t s, t)]] < B for all ¢;,t, € T; and all t" and all i;

and

- A~
Prob{t" ;. : ||f(t" s, tis) — PT(-|0k)|| < = | s =tis,0 =0} >1—p forall t;,t; € T; and k € J,,.

Choose t;,t; € T;, and r > 7. Note from (B5), it follows that for all " and k € J,,,
T T p T T
1P7CE") = Toll 2 5 = [1(E7) = PT(100)]] 2 A
Combining (B8) and (B8), we have

F (i tis) = PTCIOR = I1F (i tis) = F (#2500 8) + f (i, 85) — P16

> HIIf(tiss t)) = PTCIOIY = {11 (g tis) — F(Eis, )1}
A
> =,
-2
Then, it follows that
Prob{t" . : ||P"(-|t" ;.. t}) — I, || >3 L for all K[iT, = t;5,0 = 01}

< Prob{t”;, « |[[P7([t7, t) — Iek||> |tis: tis, 0 = Ok}

= PTOb{tT ||PT( |t7zs’ z) ng” > 5 a‘nd Hf( 715’ ) - f(tiz.w ’L)H < |£7” = tisaé: 916}

(55)

(56)

(57)

< Prob{t” || 1(t7) - P’“<|ek>\|>xand||f< portin) ~ S DI < A = 1B = 0} (By (58))

< Prob{t”;,  [|f(t5s, T5) — P7(-|60)]] > |f§s =tis,0 =6} (By (89))
<p (By (82)).
Therefore,
Prob{t" ;. ||P"(-|t" s, ti) — Io, || >3 L for all klth, = tis} < p.
Note that
Z PT(t" o |tis) = Prob{t" . : ||P"(-|t";s, t:) — Io,|| >3 P for all K|tr, =t}
i

—is

(t,t)EBG (5)

So it follows that

> Z Pr(tlysltis) = > Pt sltis) < Y. PrtLultis) < p

keJm 7Ls tiis t:zs
(L0t Ls)EBk(%) (0t M%ZBU(%) (tL;4,t)€BG (%)
(#7,6:t)€BG(5) (t75:t)€BG(5)

Therefore, choose # = max{r}, r5, 74} and v = min{—L~, £}. This complete the proof of step 2. m

m—1°2
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Step 3: For any p > 0, there exists an # > 0 and a v > 0 such that for any r > 7, any k € J,,,
t", 1" € Bi(y) = lla(t") — ()] < p-
To see this, by assumption A.3, there exists a r] and § > 0 such that for any r > rf,
£ = FENDI < 6 = [la(t") — a(@")]] < p. (60)

Next, by lemma 1.iv) and triangle inequality, there exists an 75 and $ such that for any r > 75 and associated
partition Hr(g)7 k€ Jm,
s 5 .
v e Bi) = 1) - £ < (61)
Therefore, by (60) and (EI) there exists an # = max{r{, 75} and v = § such that for any r > 7 and associated

partition II"(v), k € Jp,
t",t" € Bi(v) = [la(") — a(t")|| < p.

Step 4: In this step, we construct the mechanism p : 7" — A”. First, choose a t" € By (y) for each k € J,,,
denoted #*. Let q, = q(t™*) be the corresponding type symmetric REE price at #">*. Then the mechanism y is
constructed as follows: for each (i,s) and each [ # L + 1,

uL oy = L% A() e i)
q¢'(t")2h,(t7) if t7 € By(v).

Note that the price determined by the mechanism is the following: for t" € By,

n T ! T n !
DD IWINCI RSP IENTY
w(u(t") = == =— = G-
r > w r > w
i=1 i=1
and the corresponding allocation is
l r r
r :uzs(t ) q zs(t ) r :
i [u(t")] = =k A il AL+1,

(7)) Tk

L L
el ()] = w4 A (u)wh = k()
=1 =1

L L
= w4 grwl =Y qrad ().
=1 =1

To proceed, we first prove the following claim.
Claim: There exists an # > 0 and a compact set D such that for any r > #, any (4,s) € N, any a; € A; and any
treTr,
Lis [Mfis(tr)a ai] S D;
Yislailg(t")] € D.

Proof. Choose (i,s) € N, and t" € T". First, step 1 implies that 7(u(t")) € [Q, K]. Let ¢ = min; Q'. Then it
follows that for any y; € B;(¢(t")) we have

~

L L+1 L

Z LMyt 4yl < Z (" wiwl T = ¢l < Z +wz_ for all I # L4 1 and y ' < ZKlwﬁ—l—wiLH.
q

1=1 =1 1=1 1=1
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Define M; = max{z LS Z Klwl+wFt Y and M = maX{M }. Therefore it follows that y!, [a;|g(t")] <

M for all [. Next, followmg the same analys1s in the proof of Claim 1 in the proof of Theorem 1, there exists a 7
such that for any r > 7,

[|@isp—is ("), @] — yis[ailq(")][| < M. (62)

Defining a compact set D as follow:
D= {z e R |2! <2M}.

It follows that x;s[p—is(t"), a;] € D and y;s[as|q(t")] € D. =

Step 5: For any p > 0, there exists an # > 0 and a vy > 0 such that for any r > 7, k € J,,,, 0 € O, and a; € A;
the following are true:

Wi (@,s (7)), On) — wi2is(t"), 06) > —p; (63)
wi(@is[p—is(t"), as)), On) — wi(yis|as|q(t")], Or) > —p; (64)
wi(@is[pi—is(t7), ai]), Ok) — wi@is[p—is (255, 1), ai]), Ok) > —p. (65)

whenever t" = (" ,,,t;s) € Bj,(v) and (t",,t}) € Bj.(7).

Proof. Choose p > 0. Applying the Claim in step 4, we have that there exists an r{ and a compact set D such
that for any r > 1], a; € A; and t" € T,

Tis [ﬂ—is(tr)a ai] S D7
Yislailq(t")] € D.

Also, z; s(t") € D. Since u;(-,0) is uniformly continuous in D for each 6, It follows that there exists a ¢ > 0 such
that for any z; € D, y; € D and 0 € O,

| — yil| <0 = |ui(wi,0) — ui(ys, 0)] < p. (66)

By step 3 and Lemma 2, there exists an r5 > 0 and a 6 > 0 such that for any r > 5 , t" = (t7,,,t;) € BJ(9),
ke J,and a; € A;,

i) — 22011 < 5 (67
lylaa(t 0 10)] ~ viladaill < 5. (68)

To show (64). Note that by the Claim 1 of the proof of Theorem 1 there exists an r5 > 0 such that for any r > r§
and t" € B (9),
r 5T g
s [p-is (t"), ai] = yislailGi]ll < 5- (69)

It follows from (BB) that for any r > r4 and ¢" € B}(9),

wi(Yislag|q(t™)],0) — wi(wis[p—is(t"), as]),0) > —p.

i) € B} (6) and any (¢7

—189 V1

Consequently, (63) also hold. To show (63). Note that for any (¢7,,,t
have

t;) € Bi(6), w

Yislas|m (Wt i, )] = yislail@e] = yis[ai|m(u(t” i, )]
Then by (69) and triangle inequality we have

@i [p—is(t7), as] — T [p—ss (155, ;) ail|| < 6.

Then by (68), it follows that for any r > 7/,

wi(Tis[p—is(t"), ai]), 0) — wi(@is[p—is(t" 55, t7), ai]), 0) > —p.
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Therefore, there exists an # = max{r], 5,75} and a v = § such that for any r > 7, 8 and a; € A;, (64) and (B3)
hold. m

Step 6: There exists an # > 0 and a v > 0 such that for any r > #, any (i,s) € N,, any k € J,,, and any

t" e Br(v),
L
D mis () <with.
=1

To see this, first by (I3) in assumption A.2 we have that for each § € ©, each i € N and each t; € T,

L max [K! w
s l;éL+1[ zgv i

Ll
pi(ti|0)

By continuity, choose v > 0 so that for each § € © | each i € N and each t; € T;,

L max [K' wﬂ
(75 S L
witt s 7 SR (70)
pi(til0) —

Then Lemma 1.i) and iv) imply that there exists an 7 such that for any r > # and associated partition II"(v),
teN, ke Jn, t" € Bj(y) and t; € T;,

Prob{fr € Ukes,, Br(7)} > 1 —7, (71)

and
filtalt") > pi(tilOk) — . (72)

Choose t" € B}, and (i,s) € N,. Suppose t;; = t;. By the market clearing condition for ¢" and the type symmetry
condition (B), it follows that for each I,

Py wi=Y Y A W)=Y Y A m) =) Y At ) fi(mlt):
i 1 s i T ET; sitis=T; v T, €Ty
Hence,

2 () filtilt") = 2, (¢4, 1) fitilt") <Zw (73)

It follows that

M= HMh

— l .
qézzs( ")

Z i (£7)

K'2L,(t") (Applying Step 1)

~

1
< Lmax[K'2L, (1)

= Lmax[K' %a(1) filtlt")]
fitiltr)™
1 Zwi
nglax[K fi(ti|tr)] (By (23))
>
< LmlaX[Klm] (By (2))

<w/™ (By (@)).
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Step 7:™ For any p > 0, there exists an # > 0 such that for any » > 7, any (i,s) € N,., any t; € T}, any theT;
and any §; : RAFL — A,

Z Dl 1) = oo 0, B DL NP6, ft) > ~(121 + 2},

In particular, we want to show the following:
Z Z wi(@is (s, 0)],0) — wi@is [l—is (), 0 (m(u(tss, 1)), O)] P (6, t1 4, |t:) + Z Z wi(Tis[p—is(t7), i (m((tl s, 2:)))], 6)

—’LLZ‘(.’IJZ'S[/L (tizmtz) 5 ( (u(tzzmtz)))} 9)]PT(9 tizs' ) _(12K1 + 3)p (74)

To see this, first choose p > 0. Pick 7 > 0 which satisfies the hypotheses of all previous steps. By the claim in
step 4, we define the highest possible utility any agent can get in the compact set as:

K = max max{u;(2Me; 0)}

where e = (1,1,---,1) € REFL, Next we divide the proof in the following two sub-steps.

Step 7.1: First, define
( ) - {q( —is) )|( —is) ) € TT\BO}

For any g € Q(t;), by condition (ii) in the definition of REE, there exists a function 2;5(g,t;) such that
2is(tis 1) = Zis (g, i) (75)

for all ", satisfying ¢(t",,,t;) = ¢. Now we consider the first part of (@) which is only about choosing a different

action. o
Zzuz Tis (g5, )], 0) = ws(@is[p—is (t 555 1), 6 (m(pu(tl 45, 1)), )] P70, 27 5, |t:)

(By (89) and m(u(t” . 1)) = G i (#710,t) € B )
23 3 Dl ) ) il (s ), D) NPT Ot lt) — 2Korp

—is*

(t7;q:ti)EBy,
(By (863))
sz: Z 29: t7 e 1), 0) = wi(@is[p—is (74, 13), 05(qr)], O) 1 P7(0, 87, |ts) — 2K1p — p
(tilgjlzeBk
(By (3))

= > > Z D luiZis(g, 1), 0) = wi@as[is (245, 1), 6:(@5)), O)] P (0,17 i [t:) — 2K1p — p

4€Q(t:) k 0

(715, Ye By
q(tl s ti)=q
= Z Z Z Z[ui(éiS(%ti%e)_ui(yis[éi(qg)‘q]ﬂ 0)| P (0,7 t:)
q€Q(t;) k [ 6
(tZ;sti)EBY,
q(t”;,,ti)=q
+ Z Z Z Z Uj yzs qk |q} ) - ui(‘ris[uf’is(tiis’ti)76i((j£)]’ 9)]Pr(9atizs‘tz) - 2K1p - P
q€Q(ts) Kk t e 0

(7 ,4.ti)EBY
(I(t’r—i\wti):q

13In this step, we suppress the dependency of By on v to simplify notations.
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(By (&)
> Z Z Z[ul(ém(q’ ti)? 9) - ul(ym[él(QZ)‘q]v '9)]Pr(07 tcis|ti) - 2K1P - 2/7
k 6

qEQ(t4) AP
(t7 ;5,t:)EBY
q(t” ;. ti)=q
= S S S s, 0) — wiyis [0 (@) ), O)) PO s ta) P 1) — 2K1p — 29
qeQ(ti) k st 0
(t" ;5:ti)EBg
q(t” ;. ti)=q
(By (1))
> ST [wiGis(a ), 00) — wilyis[6:(a0)lal, Ox) P77 ) — 4K 1p — 2p
qeQ(t;) k tr et
(f—isvti)eBr
q(t” ;. ti)=q

I

=[]
B
B
=
w
w
e
2

t:),0k) —wilyislGi@lal, 0x)] D PT(tLilt) — 4Kip—2p

q€Q(ts) .
(t7 ;L) EB],
q(t” ;s 0ti)=q
X Pl
tT
(t.0 )EB’
0. ( _’Lg’t ) g s '
qEQ(ts) k & =
q(t_” t ) q q(t” . ..ti)=q
(By (62))
Z Pr(ek’ 77,s|t)
th:
5 _r a(tZ ;s t)=q o
> D D luilkis(a,ts), O) — wilyisl0:(1) ), )] e Z Pr(t",|t:) — 6K1p — 2p
' Z (tfis|tl)
qeQ(t:) k p2 ~
q(tﬂ:’; )=q q(tT ;s 0ti)=q
qeQ(ti) k .
q(tr_“,t )=q

(By the definition of REE and z;5[d;(G})|q] € B:(q))
> —6K1p —2p.

Step 7.2: Now we consider the second part of (@) which is only about misreporting.

Z Zul wls —is 715715 )’6 ( (M(ttzsvt )))]’9) - ui(xiS[:u (tzzsvtz) d; ( (/‘(tizmtz)))]v9)}Pr(97tiis‘ti)

(By (29))
> Z Z Zu islp—is (g5 t); 0i(q(tT 55 0))], 0) — wi(@is [1—is (¢ 5, £7), 0i(q(t 5, 1)), NPT (0,7 5 [ti) — 2K1p
(¢~ ”,_w)eBk
= Z Z Z wi(Tis[pis (g0 1), 0i(@(t 550 1)), 0) — wi(islpn—is (B4, 17), 0 (q (45, £7))], )] P (6,17 54 |t:)
(D5t )EBY

(t:is,t;)nguBg
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+ ; Z ; ul xls H—is —zs’t )76i(Q(tT—zs3t ))],9) - ul(xls[:u‘ (tr—zsvtl) 6 (q(tizsa z))] 9)]]37"(0 tr 1S|t )

(7, )GBk
t )EB},

(tZ 5415
+ Z Z Z U, ZZZ“ H—is —zs?t )751(q(tr—zs’t ))]59) - ui(l‘is[u—is(tizsvt;) 6 (q(tizm z))] 0)]PT(0 tr zs|t ) 2K1p
k t" 0

—is
(t24:t) EBE,
eB;

(t25s0t

(By (83))
> Z Z Z U; xls 7zs’t )76 (q(tzzmt ))]’9) - U"L(xls[:u’ (tlzwtz) 6 (q(t:zm ’L))} 0)]PT(9 tr 7,5|t )

HG _tls)eB
—157 k

(t7s ) gBLUBG

—is?

+ Z Z Z ul ‘rlS —is 7zs7t ) 5i(q(tzzsat ))],9) - ’LLZ(ZL'ZS[,U, (tilsvtz) 57;((](757;15, 7.))] 9)]PT(9 [ 1s|t ) 4K1p

:(t715713€BT
( —zsft )eBk
(By (em))

> Z Z Z uz xzs —is —zsvt )»M%)]a 9) - ui(xiS[M—iS(tr—is?t;)v 61(£¥£)]) 9)]Pr(97tcis|ti) - 6K1p

% £
((t7 4.t )EBY
(7,5t EBY,
(By (63))
> —p—6Kqp.
To sum up, we have
Z Z uz mzs ,0) - ul(xls[lu‘ (tizsvtz) 5 ( (M(tizmtz)))]ﬂ0)]PT(97tizs|t’L) > _(12K1 + 3)p

—za

Step 8: In this step, we will show that for any ¢ > 0 there exists a 7 > 0 such that for any r» > 7 the constructed
mechanism g is a type symmetric e—~ICSFM. Choose ¢ > 0. By step 6, choose v < ¢ and let S" = Ugey,, BJ.(7).
Then according to (Il) we have

Prob{t" € S"} = Prob{t" € Upes, Bj()} >1—v>1—¢.

Therefore, (M) holds. Moreover, we know that by step 6 the constructed mechanism is feasible for any t" € S".

Choose p = ].ZKET Then step 7 implies that there exists a 7 > 0 such that for any r > 7,

Z Z ul :EZS 79) - ui(xis[u—“(t’ile?ti) 5 ( (:u(tczs?tl)))]vG)HDT(aatr—ze‘tl) z -

Appendix D: Proof of Theorem 3

The proof of Theorem 3 is almost identical to the proof of Theorem 2. The only differences appear in step 4
where we construct the mechanism and step 7 where we show that the constructed mechanism is an approximate
ICSFM. Therefore, in this section, we will merely write down the differences and the reader could substitute them
into the proof of Theorem 2 as the proof of Theorem 3.
Step 4: In this step, we construct the mechanism pu: T" — A" as follows: for each (i,s), each t" € T" and each
l#L+1,

pis(t) = ¢ (") 24, (7).
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Note that the price determined by the mechanism is the following:

SN L) d) S A )

: i—1s=1 —1li=1 -
m(u(t")) = ==, = — =q'(t").
r > wh ry wk

i=1 i=1

and the corresponding allocation is

P () d ) ()
@) Ao

L
i ()] = L“+ZW (t)wh =D (")
=1

L L
= w4y g (T wl =D g ()2 ()
=1 =1

L+1 (tr)

ZS

i u(t)] = =) HIAL+1,

Step 7:™ For any p > 0, there exists an # > 0 such that for any r > #, any (i,s) € N,., any t; € T}, any t; € T;
and any §; : R — A,

Z Z ul 1'15 7zs7t ))} 0) - ul(xls[/‘L (tizsvt1) d; ( (lu’(tizsatz)))]ﬂ0)]PT(67t7;7.s|t74) > _(12K1 + 3)/)

In particular, we want to show the following:

ZZ uz st _léatz)] 0) - ui(xis[u—is(tiiwti)a6i(ﬂ(ﬂ(tizsvtz)))] 9)]Pr(0 tr—zé| )

+ Z[uz‘(zis[u—w(t’izs, i), 0 (m (1t s )], 0) — i (wis[pt—is (¢ 55, £5), 6 (m (it 55, 1)), O)] P (0, 87 [ti) = — (12K + 3)p.
tm .. 0

—is

(76)

To see this, first choose p > 0. Pick 7 > 0 which satisfies the hypotheses of all previous steps. In particular,
by the continuity of §; and assumption A.3, we have that for each k € J,, there exists a " such that for any
t" e By,

i (i [p—is (1 g £3), 65 ()], O) — i (i [1—is (155 10), 6 (a (7)), O | = —p- (77)

Next we divide the proof in the following two sub-steps.

Step 7.1: First consider the first part of (@) which is only about choosing a different action.

ZZ Uj xzs _zévtz)] 9) - ui(xis[:u'—is(tr—is’ti)va ( (/,L(tr_%,tl)))} 9)]Pr(0 tiza| )

—1@

> XN X (ot 00— ulalb (s )l B0IP (¢l) ~ 4np—

q€Q(t:) k [P

(t" ;5 t:i ) EB],

q(t:isvti):q

(By (7))

> Y wali(a.t0):00) — syl gl O P lt) — 4K p — 2p
q€Q(t;) k t

(t:is,ti)EBg

q(tl ;. .ti)=q

141n this step, we suppress the dependency of By, on «y to simplify notations.
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Do D luilEis(a ta) 0r) — wilyasl0ia@*)lal, 00)] Y P lt) —4Kip —2p

qeQ(t:) Kk g
( —zsft )eBk
a(tZ s ti)=q
> > D [wiGisla, 1), 0k) — wilyis[6:(a(FF)]al, 06) P" (Oklg, t)} Y PT(t 4 )t:) — 6K1p —2p
q€Q(t;) k 2
a(tZ,s0ti)=q
(By the definition of REE and w,[d;(q(7%))|q] € Bi(q))
> —6Kip—2p.

Step 7.2: Now we consider the second part of (Z8) which is only about misreporting. Following the same steps
in the proof of Theorem 2, we have

ZZuz Fllmis (8 s t3), ST i )], 0) = (sl 10 ), Sum (8 10y 8] OIPT (0,87 1, |8) > —p — 6K p.

To sum up, we have

Z Z ul x’LS 79) - U‘Z(xls[:u‘ (tizytz) 6Z(W(M(tizs7tz)))] 9)]]37‘(9 " ’LS|t ) (12K1 + 3)p
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